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Electron transport in QCLs

Essential ingredientsto model electron
transport in QCLs?

- Quantum confinement

- Scatteringprocesses

1 period

Other ingredients:

- Coherenteffects? (tunneling vs hoppingbetweeneigenstates)

- Broadeningeffects? isenergyconservedfor eachscatteringevent?
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Outline

ÅEssential ingredients for modelingQCLs: electronic structure 
and scattering processes

ÅDifferent formalisms from semi-classical to quantum transport

ÅDevelopment of a commercial NEGF simulator: nextnano.QCL

ÅNew physical insights QCLs

Å Rate equationfor populations
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Hamiltonianof an electronin a QCL

3D
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Hamiltonian of a single charge carrier (3D problem)

photons

phonons
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Hamiltonianof an electronin a QCL

3D

Å Interface roughness
Å Alloydisorder
Å Chargedimpurity scattering

ü Separateinto an exactlysolvable part and a scatteringpart (treated in perturbation)

1D Schrödinger 
equation

2D free 
motion
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Idealcase: 1D and 2D motions decoupled
z
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ky

Ez

Free in-planemotion: subbands

Eigenstates= Wannier-Stark states

If no scattering: no transport, 
only Bloch oscillations
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Scatteringprocees
z
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Free in-planemotion: subbands

Eigenstates= Wannier-Stark states

Scatteringprocessescouple the 
1D and 2D motions
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Non-radiative scatteringprocesses

FromJirauschek& Kubis(2014)

ÁDisordereffectsthat breaks the 2D invariance induceselastic
scatteringprocesses

Á Chargedimpurities(ionizeddopants)
Á Alloydisorder
Á Rough interfaces

ÁCouplingto phonons: inelatic scattering
processes

Á Optical phonons
Á Acousticphonons (usuallyveryweak)
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ÁElectron-electronscattering

Non-radiative scatteringprocesses

Á Conservation of total energyand total 
momentum: inelasticprocessfor a given
electronbut energyconservation in total
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Non-radiative scatteringprocesses

Elasticscatteringprocessesalone?

ÁCombinationof elasticand inelasticscatteringprocesses

Intersubbandelasticprocess
+ intrasubbandinelasticprocess

infinitely increasingelectrontemperature

Thomas Grange, nextnano IQCLSW 2018 10



Outline

ÅEssential ingredients for modelingQCLs: electronic structure and 
scattering processes

ÅDifferent formalisms from semi-classical to quantum transport

ÅDevelopment of a commercial NEGF simulator: nextnano.QCL

ÅNew physical insights QCLs

Å Rate equationfor populations

Å Densitymatrix

Å Non-equilibriumDǊŜŜƴΩǎfunctions(NEGF)

Thomas Grange, nextnano IQCLSW 2018 11



Rate equationsfor populations

in steadystate

Scatteringrates canbecalculatedusingFermi Golden rule.
For elasticprocesses:

üConvenientexpression of scatteringrate
üEnsemble Monte-Carlo methodcanbeused
üFastsimulations

elastic

elastic
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Rate equationsfor populations

Χ but problemfor describingresonanttunneling

Transport time = injection time + extraction time

Tunneling time doesnot dependon the barrier thickness!

inj

extr

Rate equationapproachworksonly if tunneling processesfasterthan scatteringprocesses
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Resonanttunneling

Wannier-Stark states Tight-binding states (decouplingstates 
from left and right from the barrier)

Tunneling rate = in the coherentcase

in the incoherentcase (Fermi golden rule)= 
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Spatiallydecouplingthe wavefunctionsinto different modules:
- rate equationfor populations insideeachmodule
- tunneling rate betweenmodules

Hybridapproach

Active region

Injection region

Injection

Limitation: arbitrarydistinction neededbetweentunneling and scatteringprocesses

Kazarinovand Suris, 1972
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ÅBasis invariance usingequationsfor the full densitymatrix

Densitymatrix

Twoexistingapproaches:
ÁLindbladequationwith phenonenologicalparametersfor 

dephasing
Williams, Kumar

ÁPerturbativetreatment of scatteringprocesses
Iotti & Rossi, Terraziet al
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Time-energyuncertainty

Sequentialscatteringprocesses
(rate equation/ densitymatrix)

Energy conservation is enforced for 
each scattering process

DǊŜŜƴΩǎfunctions: energy-resolved
description

But we know that

Account for high-order processes
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Non-equilibriumDǊŜŜƴΩǎfunctions(NEGF)
In steady-state transport, two independentquantities

RetardedDǊŜŜƴΩǎfunction:
Imaginarypart

LesserDǊŜŜƴΩǎfunction: 
energy-resolveddensitymatrix

Energy-resolvedcarrier density

Spectral function (i.e. densityof states)
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CouplingbetweenDǊŜŜƴΩǎfunctions

ScatteringElectron distribution

Densityof state

ü The densityof state and the electrondistribution needsto besolved
self-consistently
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Solving self-consistent NEGF equations

Final solution

wŜǘŀǊŘŜŘ DǊŜŜƴΩǎ ŦǳƴŎǘƛƻƴ

GR

Mean-field electrostatic 
potential

LesserDǊŜŜƴΩǎfunction

G<

Self-energies
describing
scattering

ʅR, ʅ<
Dyson equation

Keldysh
equation

Self-consistent 
Born approx. for
scattering

Initial guess

Density Optical gain

tƻƛǎǎƻƴΩǎequation

Current

Implementationof NEGF in QCLs: Lee & Wacker(2002)
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Linewidthsof radiative transitions

T. Ando (1985):

Broadeningof radiative transitions:

Intersuband
scattering
(lifetime limit)

Pure dephasingarises from
the differencein 
intrasubbandscattering.

ü Linewidthcanbesmallerthan individualsubbandbroadeningif 
intrasubbandprocessesare correlated

ü NEGF: self-consistent calculationof gain neededto accountfor these
correlationeffects
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nextnano.QCL

Scattering processes
- Charged impurities
- Interface roughness
- Alloy disorder
- Electron-electron
- Optical phonons
- Acoustic phonons

Electronic structure

- Effective mass approximation 
with non-parabolicity

- Wurzitematerials (piezo and 
pyro-electric effects)

- Group IV materials

NEGF solver

Input file:
Å Heterostructuregeometry
Å Materialparameters
Å Simulation parameters

(energygridΣ Χύ

Simulation results
Å Physical observables 

(currentdensity,  gain)
Å Analysisin different basis
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Input file
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Visualizationof results
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